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Abstract
We derive infinitely many conservation laws for some multi-dimensionally consistent lat-
tice equations from their Lax pairs. These lattice equations are the Nijhoff-Quispel-Capel
equation, lattice Boussinesq equation, lattice nonlinear Schro¨dinger equation, modified lattice
Boussinesq equation, Hietarinta’s Boussinesq-type equations, Schwarzian lattice Boussinesq
equation and Toda-modified lattice Boussinesq equation.
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1 Introduction
In recent years the study of integrable partial difference equations has progressed rapidly. The
property of multi-dimensional consistency [1–3] acts as an important role in the research of
discrete integrable systems. By this property as a criteria and through searching approaches
many multi-dimensionally consistent lattice equations are found [3–5]. For such equations one
can easily write out their Ba¨cklund transformations and Lax pairs, which have been used to
derive solutions and conservation laws (e.g. [6–10,12,13]).
Possessing infinitely many conservation laws is one of the important characters of inte-
grable systems. For discrete integrable systems, many methods have been developed to find
infinitely many conservation laws [11–15]. Recently, we proposed an approach to derive in-
finitely many conservation laws for the Adler-Bobenko-Suris (ABS) [3] lattice equations from
their Lax pairs [16]. In this paper we will apply the same method to some multi-component multi-
dimensionally consistent lattice equations. We will first in the next section, taking the Nijhoff-
Quispel-Capel (NQC) equation and discrete Boussinesq (DBSQ) equation as examples, describe
our approach. Then in Sec.3 we derive conservation laws for lattice nonlinear Schro¨dinger equa-
tion, modified lattice Boussinesq equation, Hietarinta’s Boussinesq-type equations, Schwarzian
lattice Boussinesq equation and Toda-modified lattice Boussinesq equation. We use Lax pairs
collected in Ref. [17].
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2 Conservation laws of the NQC equation and DBSQ equation
Let us take the NQC equation and DBSQ equation as examples to review the approach that we
used in [16] for deriving conservation laws. Conservation laws of these two equations have also
been considered in [11] and [15] through direct approach and symmetry approach.
2.1 The NQC equation
Consider a quadrilateral lattice equation
Q(u, u˜, û, ̂˜u, p, q) = 0, (2.1)
where
u = u(n,m), u˜ = Enu = u(n + 1,m), û = Emu = u(n,m+ 1), ̂˜u = u(n+ 1,m+ 1),
En and Em respectively serve as shift operators in direction n and m, p and q are spacing
parameters of direction n and m, respectively. A conservation law of equation (2.1) is defined
by
∆mF (u) = ∆nJ(u), (2.2)
where ∆m = Em − 1, ∆n = En − 1, and u is a generic solution to (2.1).
The NQC equation is [18,19][
(p−α)u− (p+β)u˜
][
(p−β)û− (p+α)̂˜u]− [(q−α)u− (q+β)û][(q−β)u˜− (q+α)̂˜u] = 0, (2.3)
where α, β are constants, and its Lax pair reads (cf. [17])
φ˜ = γ1
(
(p − α)(p − β)u− (p2 − r2)u˜ −(r − α)(r − β)uu˜
(r + α)(r + β) −(p+ α)(p + β)u˜+ (p2 − r2)u
)
φ, (2.4a)
φ̂ = γ2
(
(q − α)(q − β)u− (q2 − r2)û −(r − α)(r − β)uû
(r + α)(r + β) −(q + α)(q + β)û+ (q2 − r2)u
)
φ, (2.4b)
where φ = (φ1, φ2)
T , γ1 is either
γ1 =
1√[
(β − p)u+ (α+ p)u˜
][
(α− p)u+ (β + p)u˜
] , (2.5a)
or γ1 =
1
(α− p)u+ (β + p)u˜
, or γ1 =
1
(β − p)u+ (α+ p)u˜
, (2.5b)
and γ2 follows from the above γ1’s by replacing (p,˜) by (q,̂).
Eliminating φ1 from (2.4a) one finds
A
˜˜
φ2 +Bφ˜2 + εCφ2 = 0, (2.6a)
where ε = p2 − r2,
A =
1
γ˜1
, B = (p + α)(p + β)˜˜u− (p − α)(p − β)u, (2.6b)
C = γ1
[
(α2 + β2 − 2p2)uu˜+ (p − α)(p − β)u2 + (p+ α)(p + β)u˜2
]
. (2.6c)
2
(2.6a) yields a discrete Riccati equation
Aθ˜θ +Bθ + εC = 0, (2.7)
with θ = φ˜2/φ2, which is then solved by
θ = ρε(1 +
∞∑
j=1
θjε
j), (2.8a)
with
ρ = −
C
B
, θj+1 = −
Aρ˜
B
j∑
i=0
θ˜iθj−i, (θ0 = 1), j = 0, 1, 2, · · · . (2.8b)
Next, going back to the Lax pair (2.4) we can easily find
θ =
φ˜2
φ2
= γ1
[
(r + α)(r + β)
φ1
φ2
− (p+ α)(p + β)u˜+ (p2 − r2)u
]
, (2.9a)
η =
φ̂2
φ2
= γ2
[
(r + α)(r + β)
φ1
φ2
− (q + α)(q + β)û+ (q2 − r2)u
]
, (2.9b)
from which eliminating φ1/φ2 we reach to the relation
η = ω(1 + σθ), (2.10a)
with
ω = γ2
[
(p + α)(p + β)u˜− (q + α)(q + β)û+ (q2 − p2)u
]
, (2.10b)
σ =
1
γ1
[
(p+ α)(p + β)u˜− (q + α)(q + β)û+ (q2 − p2)u
] . (2.10c)
Meanwhile, due to θ = φ˜2/φ2, η = φ̂2/φ2, we get
∆m ln θ = ∆n ln η, (2.11)
which provides a formal conservation law for the NQC equation. Finally, what we need is to
insert the explicit form (2.8) of θ into (2.11) and then expand it in terms of ε. The coefficient of
each power of ε provides a conservation law for the NQC equation, which is expressed through
(cf. [16])
∆m ln ρ = ∆n lnω, (2.12a)
∆m hs(θ) = ∆n hs(σρθ), (s = 1, 2, 3, · · · ), (2.12b)
where
θ = (θ1, θ2, · · · ), θ = (1, θ1, θ2, · · · ), and σρθ = (σρ, σρθ1, σρθ2, · · · ), (2.12c)
with ρ, ω, σ and {θj} given by (2.8b), (2.10b), (2.10c) and (2.8b). {hs(t)} are polynomials
defined as the following [16].
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Proposition 1. The following expansion holds,
ln
(
1 +
∞∑
i=1
tik
i
)
=
∞∑
j=1
hj(t)k
j , (2.13a)
where
hj(t) =
∑
||α||=j
(−1)|α|−1(|α| − 1)!
tα
α!
, (2.13b)
and
t = (t1, t2, · · · ), α = (α1, α2, · · · ), αi ∈ {0, 1, 2, · · · }, (2.13c)
tα =
∞∏
i=1
tαii , α! =
∞∏
i=1
(αi!), |α| =
∞∑
i=1
αi, ||α|| =
∞∑
i=1
iαi. (2.13d)
The first few of {hj(t)} are
h1(t) = t1, (2.14a)
h2(t) = −
1
2
t21 + t2, (2.14b)
h3(t) =
1
3
t31 − t1t2 + t3, (2.14c)
h4(t) = −
1
4
t41 + t
2
1t2 − t1t3 −
1
2
t22 + t4. (2.14d)
2.2 The DBSQ equation
Now let us look at the DBSQ equation [20]
z˜ − xx˜+ y = 0, ẑ − xx̂+ y = 0, (x̂− x˜)(z − x̂˜x+ ̂˜y)− p+ q = 0. (2.15)
Its Lax pair reads
φ˜ =

 −x˜ 1 0−y˜ 0 1
p− r − xy˜ + x˜z −z x

φ, (2.16a)
φ̂ =

 −x̂ 1 0−ŷ 0 1
q − r − xŷ + x̂z −z x

φ, (2.16b)
where φ = (φ1, φ2, φ3)
T . From (2.16a) we can eliminate φ2, φ3 and get
˜˜˜
φ1 + (
˜˜˜
x− x)
˜˜
φ1 + (
˜˜y + z − x˜˜x)φ˜1 + εφ1 = 0,
where ε = r − p, and then a discrete Riccati equation
˜˜
θθ˜θ + (
˜˜˜
x− x)θ˜θ + (˜˜y + z − x˜˜x)θ + ε = 0, (2.17)
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with θ = φ˜1/φ1. This is a third-order equation and solved by
θ = ρε
(
1 +
∞∑
j=1
θjε
j
)
, (2.18a)
with
ρ = −
1˜˜y + z − x˜˜x, (2.18b)
θ1 = −
ρ˜(
˜˜˜
x− x)˜˜y + z − x˜˜x, (2.18c)
θj+2 = −
ρ˜˜˜y + z − x˜˜x
[˜˜ρ j∑
i=0
j−i∑
k=0
˜˜
θiθ˜kθj−i−k + (
˜˜˜
x− x)
j+1∑
i=0
θ˜iθj+1−i
]
, (θ0 = 1), (2.18d)
for j = 0, 1, 2, · · · . Meanwhile, from the Lax pair (2.16) we have
θ =
φ˜1
φ1
= −x˜+
φ2
φ1
,
η =
φ̂1
φ1
= −x̂+
φ2
φ1
,
which yields
η = ω(1 + σθ), (2.19a)
with
ω = x˜− x̂, (2.19b)
σ =
1
x˜− x̂
. (2.19c)
Next, from the formal conservation law ∆m ln θ = ∆n ln η, we get infinitely many conservation
laws
∆m ln ρ = ∆n lnω, (2.20a)
∆m hs(θ) = ∆n hs(σρθ), (s = 1, 2, 3, · · · ), (2.20b)
where
θ = (θ1, θ2, · · · ), θ = (1, θ1, θ2, · · · ), and σρθ = (σρ, σρθ1, σρθ2, · · · ), (2.20c)
with ρ, ω, σ and {θj} given by (2.18b), (2.19b), (2.19c), (2.18c) and (2.18d). {hs(t)} are
polynomials defined in Propositon 1.
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3 Conservation laws of some multi-component lattice equations
3.1 Generic description
We first list all multi-component lattice equations involved in this part.
y˜ − ŷ − y[(x˜− x̂)y + p− q] = 0, x˜− x̂+ ̂˜x[(x˜− x̂)y + p− q] = 0, lNLŜ˜x(py˜ − qŷ)− y(px̂− qx˜) = 0, x̂˜y(py˜ − qŷ)− y(px˜ŷ − qx̂y˜) = 0, mDBSQ
̂˜x− x̂z˜ − x˜ẑ
z˜ − ẑ
= 0, ̂˜z + ẑ˜x− z(pẑ − qz˜)
z˜ − ẑ
= 0, (C-2.1)
̂˜x− x̂z˜ − x˜ẑ
z˜ − ẑ
= 0, ̂˜z + dz
x
−
z
x
px˜ẑ − qx̂z˜
z˜ − ẑ
= 0, (C-2.2)
x˜z − y˜ − x = 0, x̂z − ŷ − x = 0, ̂˜z − y
x
−
1
x
px˜− qx̂
z˜ − ẑ
= 0, (A-2)
xx˜− y˜ − z = 0, xx̂− ŷ − z = 0, ̂˜z + y − d(̂˜x− x)− x̂˜x− p− q
x˜− x̂
= 0, (B-2)
zy˜ − x˜+ x = 0, zŷ − x̂+ x = 0, ̂˜z − d2x+ d1
y
−
z
y
py˜ẑ − qŷz˜
z˜ − ẑ
= 0, (C-3)
zy˜ − x˜+ x = 0, zŷ − x̂+ x = 0, ̂˜z − x̂˜x+ d
y
−
z
y
py˜ẑ − qŷz˜
z˜ − ẑ
= 0, (C-4)
z˜ − yx˜− z = 0, ẑ − yx̂− z = 0, x̂˜y(y˜ − ŷ)− y(px˜ŷ − qx̂y˜) = 0, SDBSQ

̂˜y(p − q + x̂− x˜)− (p− 1)ŷ + (q − 1)y˜ = 0,
y˜ŷ(p− q − ẑ + z˜)− (p − 1)yŷ + (q − 1)yy˜ = 0,
y(p+ q − z − ̂˜x)(p − q + x̂− x˜)− (p2 + p+ 1)y˜ + (q2 + q + 1)ŷ = 0. Toda-mDBSQ
All these equations are of multi-component, defined on an elementary quadrilateral, and multi-
dimensionally consistent in terms of the vector variable u = (x, y, z). For some two-component
equations z or y is absent. Among these equations, lNLS stands for lattice nonlinear Schro¨dinger
equation given in [21], mDBSQ stands for modified discrete Boussinesq equation given in [22], (C-
2.1), (C-2.2), (A-2), (B-2), (C-3) and (C-4) are the lattice equations of Boussinesq type found in
[5], SDBSQ stands for Schwarzian discrete Boussinesq equation given in [23], and Toda-mDBSQ
stands for Toda-modified discrete Boussinesq equation given in [24]. Obviously, the DBSQ
equation can be obtained from (B-2) by setting d = 0 and switching (x, y, z, p, q) → (x, z, y, q, p),
and the SDBSQ equation can be obtained from (C-3) by setting d1 = d2 = 0 and switching
(x, y, z) → (z, x, y). The Lax pairs of all these lattice equations are listed in Ref. [17], while we
list them in Appendix A.
It is possible to describe a unified approach to derive infinitely many conservation laws for
all the above mentioned multi-component lattice equations. Their Lax pairs are of the following
form
φ˜ = N1φ, (3.1a)
φ̂ = N2φ, (3.1b)
where N1 and N2 are N × N matrices and φ = (φ1, φ2, · · · , φN )
T . There is some certain φi0
such that one can from (3.1a) eliminate other φj ’s and get a scalar form spectral problem in
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terms of φi0 , say, the following
A
˜˜˜
φi0 +B
˜˜
φi0 + (εC +D)φ˜i0 + εGφi0 = 0, (3.2)
where A,B,C,D,G are functions of (Ejnu, p), and ε is a constant related to p and r. From this
we reach to a discrete Riccati equation
A
˜˜
θθ˜θ +Bθ˜θ + (εC +D)θ + εG = 0, (3.3)
with
θ =
φ˜i0
φi0
. (3.4)
As for solutions to (3.3) we have
Proposition 2. The discrete Riccati equation (3.3) is solved by
θ = ρε
(
1 +
∞∑
j=1
θjε
j
)
, (3.5a)
with
ρ = −
G
D
, (3.5b)
θ1 = −
1
D
(Bρ˜+ C), (3.5c)
θj+2 = −
1
D
(
Aρ˜˜˜ρ j∑
i=0
j−i∑
k=0
˜˜
θiθ˜kθj−i−k +Bρ˜
j+1∑
i=0
θ˜iθj+1−i + Cθj+1
)
, (θ0 = 1), (3.5d)
for j = 0, 1, 2, · · · .
Next, the following relation is also available (recalling (2.19a)),
η =
φ̂i0
φi0
= ω(1 + σθ), (3.6)
where ω and σ are functions of (u, u˜, û, p, q) related to considered equations and they satisfy
ω(u, u˜, û, p, q) = −
1
σ(u, û, u˜, q, p)
. (3.7)
Then, the infinitely many conservation laws can be described as following (cf. [16]).
Proposition 3. From the formal conservation law
∆m ln θ = ∆n ln η, (3.8)
one has
∆m ln ρ = ∆n lnω, (3.9a)
∆m hs(θ) = ∆n hs(σρθ), (s = 1, 2, 3, · · · ), (3.9b)
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where
θ = (θ1, θ2, · · · ), θ = (1, θ1, θ2, · · · ), (3.9c)
with ρ, {θi}, ω and σ given by (3.5) and (3.6) and hs(t) defined in Proposition 1. The first few
conservation laws are
∆m ln
(
−
G
D
)
= ∆n lnω, (3.10a)
∆m
CD˜ −BG˜
DD˜
= ∆n
Gσ
D
, (3.10b)
∆m
[(BG˜− CD˜)2
2D2D˜2
+
BG˜(B˜
˜˜
G− C˜
˜˜
D)
DD˜2
˜˜
D
−
AG˜
˜˜
G
DD˜
˜˜
D
]
= ∆n
Gσ
2D2D˜
[
2(CD˜ −BG˜)− D˜Gσ
]
. (3.10c)
3.2 Main results
We find each multi-component lattice system we list out in our paper falls in the above frame and
therefore they can share those formulae of conservation laws with concrete {A,B,C,D,G, ω, σ}
where in some cases A can also be scaled to 1. In the following we skip details and list out
A,B,C,D,G, ω and σ for each equation.
Proposition 4. For lNLS equation, i0 = 1,
A = 0, B =
1˜˜x, C =
1
x˜
, D =
1 + ˜˜xy˜˜x , G =
1
x˜
, ω =
x̂− x˜
x˜
, σ =
x̂
x̂− x˜
. (3.11a)
For mDBSQ equation, i0 = 3,
A =
1
γ˜1˜˜γ1y˜˜˜y˜˜˜y , B = −
p[
˜˜˜
y(x˜y + ˜˜xy˜) + ˜˜˜xy˜˜y]
γ˜1˜˜xyy˜˜˜y˜˜˜y , C = 0, G = γ1, (3.12a)
D =
p2(x˜˜y + x˜y + ˜˜xy˜)
x˜y˜˜y , ω =
γ2y(qx̂y˜ − px˜ŷ)
xy˜
, σ =
xŷ
γ1y(qx̂y˜ − px˜ŷ)
. (3.12b)
For (C-2.1) equation, i0 = 3,
A =
1
γ˜1˜˜γ1z˜˜˜z , B =
1
γ˜1zz˜˜˜z [z
˜˜˜
z + zz˜(p + ˜˜x) + z˜˜˜z], C = 1, (3.13a)
D = ˜˜x+ ˜˜z
z
+ p, G = γ1z˜, ω = γ2(z˜ − ẑ), σ =
1
γ1(z˜ − ẑ)
. (3.13b)
For (C-2.2) equation, i0 = 3,
A =
x˜
γ˜1˜˜γ1z˜˜˜z , B =
1
γ˜1zz˜˜˜z [xz˜˜˜z + x˜z
˜˜˜
z + (d+ p˜˜x)zz˜], C = x˜, (3.14a)
D =
x˜˜z
z
+ p˜˜x+ d, G = γ1x˜z˜, ω = γ2(z˜ − ẑ), σ = 1
γ1(z˜ − ẑ)
. (3.14b)
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For (A-2) equation, i0 = 3,
A =
x˜
γ˜1 ˜˜γ1˜˜z , B =
1
γ˜1
(−x+ x˜
˜˜˜
z − y˜), C = 0, G = γ1x˜zz˜, (3.15a)
D = z˜(p˜˜x− x˜˜z + y), ω = γ2z(z˜ − ẑ), σ = 1
γ1z(z˜ − ẑ)
. (3.15b)
For (B-2) equation, i0 = 3,
A =
1
γ˜1 ˜˜γ1x˜˜˜x, B =
1
γ˜1x˜
(x−
˜˜˜
x+ d), C = 0, G = γ1x, (3.16a)
D = d(x− ˜˜x)− x˜˜x+ y + ˜˜z, ω = γ2x(x̂− x˜), σ = 1
γ1x(x̂− x˜)
. (3.16b)
For (C-3) equation, i0 = 3,
A =
y˜
γ˜1˜˜γ1z˜˜˜z , B =
1
γ˜1z˜˜˜z (y˜˜z + y˜
˜˜˜
z + p˜˜yz˜ − d2x˜− d1), C = 0, (3.17a)
D =
1
z˜
[y˜˜z + p(y˜z + ˜˜yz˜)− d2x− d1], G = γ1(x˜− x), ω = γ2(z˜ − ẑ), σ = 1
γ1(z˜ − ẑ)
. (3.17b)
For (C-4) equation, i0 = 2,
A =
1
γ˜1˜˜γ1(˜˜˜x− ˜˜x) , B =
˜˜z
γ˜1(
˜˜˜
x− ˜˜x) +
−xx˜+ py˜z + y˜˜z − d
yγ˜1(˜˜x− x˜) , C = 0, (3.18a)
D =
z˜[−x˜˜x+ y˜˜z + p(y˜z + ˜˜yz˜)− d]
y(˜˜x− x˜) , G =
γ1zz˜
y
, ω =
γ2z(x̂− x˜)
x˜− x
, σ =
x̂− x
γ1z(x̂− x˜)
. (3.18b)
For SDBSQ equation, i0 = 3,
A =
x˜
γ˜1˜˜γ1˜˜y , B = −
1
γ˜1˜˜y (x˜˜y + x˜
˜˜˜
y + p˜˜xy˜), C = 0, (3.19a)
D = p(x˜y + ˜˜xy˜) + x˜˜y, G = γ1x˜yy˜, ω2 = γ2(ŷ − y˜), σ = 1
γ1(ŷ − y˜)
. (3.19b)
For Toda-mDBSQ equation, i0 = 2,
A =
1
γ˜1 ˜˜γ1˜˜˜y , B =
1− p
γ˜1
˜˜˜
y
+
˜˜x+ z − 2p
γ˜1˜˜y , C = 0, D =
p− 1˜˜y (−˜˜x− z + 2p) +
p2 + p+ 1
y
, (3.20a)
G =
γ1
y
, ω =
γ2[(q − 1)y˜ − (p− 1)ŷ]
y˜
, σ =
ŷ
γ1[(q − 1)y˜ − (p − 1)ŷ]
. (3.20b)
For each equation, the function γj is defined in Appendix A.
For each equation, from Proposition 2 and Proposition 4 we can find that ρ is related to γ1
and ω is related to γ2 while {θj} and σρ are independent of γ1 and γ2, thus by Proposition 3 all
conservation laws except the first one (3.9a) are independent of γ1 and γ2.
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4 Conclusion
We have shown some examples of deriving infinitely many conservation laws from Lax pairs
for some lattice equations, particularly for multi-component discrete systems. These systems
are all integrable in the sense of multi-dimensional consistency. Such integrability is used to
construct Lax pairs. In [11] three-point conservation laws were found via direct approach. Here
the simplest nontrivial conservation law of the NQC equation is a four-point one (see Appendix
B). However, the approach using Lax pairs looks quite natural and can provide infinitely many
conservation laws. And more important, it works for most of known multi-dimensionally con-
sistent systems, including one-component and multi-component discrete systems. We also note
that if we conduct the same procedure starting from (q,̂) part of Lax pairs, we only need to
switch (p,˜) and (q,̂) in the present results and this is guaranteed by the symmetric property
(3.7).
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A Lax pairs of lattice equations listed in Sec.3 (cf. [17])
For each equation we only list out the matrix N1 in the Lax pair. Matrix N2 follows from N1
by switching (1, p, )˜→ (2, q, )̂.
For the lNLS equation
N1 = γ1
(
−1 x˜
y r − p− yx˜
)
, with γ1 = 1.
For the mDBSQ equation
N1 = γ1

 py˜ 0 −r−rx˜y py 0
0 − ryy˜
x
px˜y
x

 , with γ1 = 3√ x
x˜y2y˜
, or γ1 =
1
y
, or γ1 =
1
y˜
.
For (C-2.1) equation
N1 = γ1

 −z˜ x˜ 0zz˜ −z(p + x˜) rzz˜
0 1 −z˜

 , with γ1 = 1
3
√
zz˜2
, or γ1 =
1
z
, or
1
z˜
.
For (C-2.2) equation
N1 = γ1

 −z˜ x˜ 0rzz˜
x
− z
x
(d+ px˜) dzz˜
x
0 1 −z˜

 , with γ1 = 3√ x
x˜zz˜2
, or γ1 =
1
z
, or
1
z˜
.
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For (A-2) equation
N1 = γ1

 yzx rx rx−px˜z−yzz˜x−x˜z z˜ xz˜
z 0 −zz˜

 , with γ1 = 3√ x
x˜z2z˜
, or γ1 =
1
z
, or γ1 =
1
z˜
.
For (B-2) equation
N1 = γ1

 −(dx+ x2) dx+ y k1−xx˜ z˜ zz˜
0 −1 xx˜− z

 ,
where k1 = (z − xx˜)(dx+ y)
+z˜(dx+ x2) + x(p− r),
with γ1 =
1
3
√
x2x˜
, or γ1 =
1
x
, or γ1 =
1
x˜
.
For (C-3) equation
N1 = γ1

 d1+d2x−py˜zy rzz˜y −d1z˜+d2xz˜y0 −z x˜− x
1 0 −z˜

 , with γ1 = 3√ y
y˜z2z˜
, or γ1 =
1
z
, or γ1 =
1
z˜
.
For (C-4) equation
N1 = γ1


d+xx˜−py˜z
y
(r−x)zz˜
y
− (d+x
2)z˜
y
0 −z x˜− x
1 0 −z˜

 , with γ1 = 3√ y
y˜z2z˜
, or γ1 =
1
z
, or γ1 =
1
z˜
.
For the SDBSQ equation
N1 = γ1

 pyx˜x − ry˜x rzy˜x−z˜ y˜ 0
−1 0 y˜

 , with γ1 = 3√ x
y˜2(z˜ − z)
, or γ1 =
1
y
, or γ1 =
1
y˜
.
For the Toda-mDBSQ equation
N1 = γ1

 r + p− z 1+r+r
2
y
k1
0 p− 1 (1− r)y˜
1 0 p− r − x˜

 ,
where k1 = (p
2 − r2)− x˜(p+ r)
+z(r − p+ x˜)−
y˜
y
(p2 + p+ 1),
with γ1 = 3
√
y
y˜
, or γ1 = 1.
B First few conservation laws of some lattice equations
For the NQC equation, the first two conservation laws are
∆m ln
γ1
[
(α2 + β2 − 2p2)uu˜+ P−u
2 + P+u˜
2
]
P−u− P+˜˜u = ∆n ln γ2
[
P+u˜−Q+û+ (q
2 − p2)u
]
, (B.1a)
∆m
(α2 + β2 − 2p2)u˜˜˜u+ P−u˜2 + P+˜˜u2
(P−u− P+˜˜u)(P−u˜− P+ ˜˜˜u) = ∆n
(α2 + β2 − 2p2)uu˜+ P−u
2 + P+u˜
2
[P+u˜−Q+û+ (q2 − p2)u](P−u− P+˜˜u) , (B.1b)
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where P+ = (p+α)(p+β), P− = (p−α)(p−β), Q+ = (q+α)(q+β). For the DBSQ equation,
the first two conservation laws are
∆m ln
1
x˜˜x− ˜˜y − z =∆n ln(x˜− x̂), (B.2a)
∆m
−x+
˜˜˜
x
(x˜˜x− ˜˜y − z)(x˜˜˜˜x− ˜˜˜y − z˜) =∆n
1
(x˜− x̂)(x˜˜x− ˜˜y − z) . (B.2b)
For the lNLS equation, the first two conservation laws are
∆m ln
−˜˜x
x˜(1 + ˜˜xy) =∆n ln
x̂− x˜
x˜
, (B.3a)
∆m
x˜
˜˜˜
x− ˜˜x2(1 + ˜˜˜xy˜)
x˜˜˜x(1 + ˜˜xy)(1 + ˜˜˜xy˜) =∆n
x̂˜˜x
x˜(1 + ˜˜xy)(x˜− x̂) . (B.3b)
For the SDBSQ equation, the first two conservation laws are
∆m ln
−γ1x˜yy˜
p(x˜y + ˜˜xy˜) + x˜˜y =∆n ln γ2(ŷ − y˜), (B.4a)
∆m
˜˜xy˜(x˜˜y + x˜˜˜˜y + p˜˜xy˜)
[p(x˜y + ˜˜xy˜) + x˜˜y][p(˜˜xy˜ + ˜˜˜x˜˜y) + x˜˜˜˜y] =∆n
x˜yy˜
(ŷ − y˜)[p(x˜y + ˜˜xy˜) + x˜˜y] . (B.4b)
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